The recently proposed pair-interaction model is applied to study a series of refractory high entropy alloys. The results demonstrate the simplicity, robustness, and high accuracy of this model in predicting the configuration energies of NbMoTaW, NbMoTaWV and NbMoTaWTi. The element-element pair interaction parameters obtained from the linear regression of first-principle data provide a new perspective to understand the strengthening mechanism in HEAs, as revealed by comparing the effects of adding vanadium and titanium.
Introduction
High entropy alloys (HEA) [1, 2] are attractive new materials due to their superior mechanical properties [3, 4, 5, 6, 7] . Compared to conventional alloys, the most distinctive feature of HEAs is that they are composed of multiple principal elements in approximately equal proportions. Therefore, the traditional concepts of solvent and solute atoms are not well defined for HEAs. The mixing of different principal elements generally enhance the configurational entropy, which can stabilize the solid solution phase when the enthalpies of formation between different elements are close. The enhanced chemical complexity in HEAs not only gives rise to promising mechanical properties, but also brings more freedom to alloy design, allowing for exploration of phases with different compositions [8, 9] and structures [10, 6, 11] . On the other hand, the increased number of principal elements also presents fresh challenges to the theoretical modeling. For instance, the widely used cluster expansion method [12, 13, 14] to construct effective Hamiltonian is difficult for multiple component systems due to the rapid increase of the number of interactions [15] . Another example is solid solution strengthening, which originates from the impediment of dislocation motion by solute atoms. While simple for conventional alloys, this mechanism is difficult to formulate for HEAs due to the ambiguity of solute atoms for systems with multi-principal elements.
Moreover, compared to conventional alloy, the chemical complexity of HEA induces significant chemical fluctuation, which introduces local-environment dependence to quantities governing the plastic deformation, such as dislocation [16, 17] and stacking fault energy [18, 19, 20] .
The unique features of HEAs call for the development of new strengthening theories, and many progresses have been made. For example, Varvenne et al. [21, 22] proposed a model to extend the conventional solid solution strengthening to HEAs, based on an average effective medium. Yoshida et al. [23] find that in addition to lattice distortion, elementelement interactions also contribute to the strength of HEAs. Zhang et al. [24] find that the higher intrinsic strength of HEAs is partially due to the compositional randomness. A similar observation is also made by Liu et al. in Ref. [17] , where the Peierls stresses of NiCoFeCrMn and its subsystems are found to be much larger than pure metals. By comparing with dilute alloys, these effects can in general be placed into two different categories. One due to the inhomogeneity of local chemical environment with respect to the averaged "solvent" medium, and can be seen as a generalization of the conventional solid solution strengthening.
Another one is from the interaction between "solute" atoms, which is a relatively small effect for conventional dilute alloys but can be significant for HEAs.
Despite all these progresses, to understand the origin of these strengthening mechanisms, it is highly desirable to have direct access to the element-element pair interactions. The recently proposed method [25] provides exactly such information. In this approach, the effective Hamiltonian of a system of fixed concentrations is expressed as a summation over effective pair interactions (EPIs) of some neighboring coordination shells,
where A(i) represents element A at site i, and V
AB m
is the EPI parameter between element A and B in the m-th shell. Summing up the Hamiltonian over all sites, the total energy is then given by
where N is the total number of atoms and P
is the proportion of AB interaction with atoms in the m-th neighboring shells. Note that the requirement A = B is due to the concentration constraints [25] , and the number of EPI parameters for each shell is N (N −1)/2 (AB and BA are considered as the same index). The EPI parameters are determined via linear regression, in which the training and testing data sets are calculated with density functional theory (DFT). To improve the representativeness of the energy data, a range of different supercell sizes are employed, which provides a simple scheme to incorporate various degrees of randomness and order into the configurations. This method has been applied to study NbMoTaW HEA, where it demonstrates very high accuracy [25] . In this work, we will evaluate this model by studying two other refractory HEAs, NbMoTaWV and NbMoTaWTi.
We will also investigate the effects of adding V and Ti on the strength and ductility by examining the pair interaction profiles. Finally, from the fitted effective Hamiltonian, we will derive an expression for the standard deviation of the local energies, which stems from the variation of local chemical environment. This "energy fluctuation" [26] is an essential feature of HEAs, and gives important guidance to both strengthening models [24, 17] and first principles calculation [26, 27] .
Results
For the DFT calculation we employ the locally self-consistent multiple scattering (LSMS)
method. The number of atoms in the supercells are 16, 32, 64, 128 for NbMoTaW, and 20, 40, 80, 160 for NbMoTaWV and NbMoTaWTi. 200 configurations are generated randomly for each supercell, therefore the total number of data for each material is 800. These data are randomly shuffled and split into training and testing groups, with a 5-fold cross validation applied. All the DFT calculation parameters, such as angular momentum cutoff, sizes of the local interaction zone, and lattice constants are the same as in Ref. [25] . The number of coordination shells included in the model is 8, which is found to achieve a good balance between variance and bias in terms of model complexity [28] .
A comparison of the DFT calculated energies with model predictions is shown in The EPI parameters for the three refractory HEAs are shown in Fig. 2 . First, we can see that in all three materials, the nearest and next-nearest neighbor interactions are dominant.
The EPIs of NbMoTaW is relatively short-ranged, while the interactions in NbMoTaWV and
NbMoTaWTi are more frustrated, with significant contributions from long-distance shells.
Moreover, for NbMoTaWV, we can see that vanadium has much stronger interactions with other elements. In particular, the strength of TaV interaction is the strongest, followed by WV and NbV. This is reasonable because these are the elements with the largest differences in terms of electronegativity. A similar observation can also be make for NbMoTaWTi, where the strongest pair is TaTi, followed WTi and MoTa. From Fig. 3 , it can also be seen that the pair interactions are intrinsic features of the elements, as demonstrated by their similar magnitude in different HEAs. This is convenient for estimating the EPI profile of HEAs with different chemical compositions. Finally, the EPI parameters also provide insights to the strength and ductility of HEAs. It is known that adding Ti to refractory HEA generally improve ductility while adding V tends to improve strength but reduce ductility [7] . From   Fig. 2 , we see that additions of V introduces larger variance to the EPI parameters. As a result, the motion of dislocation tends to be impeded more due to the increased chemical fluctuation and lattice distortion [29] , which gives the material higher strength but lower ductility. On the other hand, additions of Ti only increase the variance slightly, but significantly expand interaction range, therefore the local environment is more homogeneous due to interactions with atoms at various directions, and the material tends to have better ductility. The pair interaction model also provides a simple approach to determine the energy fluctuation, which originates from the randomness of chemical distribution in HEA. For simplicity, we first assume that there is only one bond corresponding to each shell. In a completely random system (the case with SRO can be derived similarly), the probability of AB bond in the m-th shell follows a generalized Bernoulli distribution
with the random variables
therefore, the variance of the random variables is given by
Taking into account that instead of one, there are N m bonds ( for example, N 1 = 8 and N 2 = 6
for BCC structure) with atoms in the m-th shell, then according to central limit theorem, the local energy in an infinite system follows Gaussian distribution, with the variance given
Applying the above formula to the three HEAs, the standard deviation of the local energies are calculated and shown in Tab. 1. This results in Tab. 1 is in agreement with our previous 
